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by 



Laurent Thomann & Nikolay Tzvetkov 



Abstract. — In this paper we construct a Gibbs measure for the derivative 
Schrodinger equation on the circle. The construction uses some renormalisa- 
tions of Gaussian series and Wiener chaos estimates, ideas which have already 
been used by the second author in a work on the Benjamin-Ono equation. 



1. Introduction 



Denote by T = M/27rZ the circle. The purpose of this work is to construct 
a Gibbs measure associated to the derivative nonhnear Schrodinger equation 



Many recent results (see the end of Section II. 2p show that a Gibbs measure 
is an efficient tool to construct global rough solutions of nonlinear dispersive 
equations. This is the main motivation of this paper: we hope that our result 
combined with a local existence theory for (jl.ip (e.g. a result like Griinrock- 
Herr |6j) on the support of the measure will give a global existence result for 
irregular initial conditions. A second motivation is the fact that an invariant 
measure is an object which fits well in the study of recurrence properties given 
by the Poincare theorem, of the flow of (jl.ip . 
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f 1 f 

For / G L^(T), denote by / f(x)dx = — / f{x)dx. The following quanti- 

Jj 27r Jq 

ties are conserved (at least formally) by the flow of the equation 

• The mass 

M(n(t)) = \\u{t)\\L2 = \\uo\\l2 = M{uo). 

• The energy 

H{u{t)) = I |5xUpdx+^Im / \u\'^udxudx + f \ufdx 
Jt ^ Jt 2 J J 

= I \dxu\'^ dx — ^Im I if dx{u^)dx + I- f \ufdx 

= I \dxu\'^dx+^i I v!^ dx{u'^)dx + I- j |n|^dx 
JT Jt 2 J J 

= H{uo). 

The conservation of the energy can be seen by a direct computation (see also 
the appendix of this paper.) 
Notice that the momentum 

P{u{t)) = - 1 |u|^dx + i / udxudx 
2 Jt Jt 

= - / liil^dx — Im / udxudx = P{uo), 
2 Jt Jt 

is also formally conserved by Indeed it is the Hamiltonian of 

associated to a symplectic structure involving dx (see |7J). However, we won't 
use this fact here. Instead, our measure will be deduced from a Hamiltonian 
formulation based on of a transformed form of (jl.ip . 

Let us define the complex vector space = span^(e*"'^)_Ar<n<Af^ • Then 
we introduce the spectral projector H^r on Ej\f by 

N 

(1.2) n;v(5^c„e^"") = Yl 

neZ n=-N 

Let {Q, T, p) be a probability space and ((7„(a;))^g^ a sequence of independent 
complex normalised gaussians, gn G A/'c(0, 1). We can write 

(1.3) gn{uj) = {hn{uj) + iln{i^)) , 
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where(/i„(6t;))^g^, (/„(a;))^g^ are independent standard real Gaussians 

1.1. Definition of the measure for (jl.ip . — 

In the sequel we will use the notation (n) = \/n^~+T. 
Now write c„ = a„ + 

For > 1, consider the probability measure on M2(2Af+i) jggj^ed by 

N 

(1.4) dfiN = dN n e-<">'(""+^")da„d6„, 

n=-N 

where ^at is such that 

N 



(1.5) J-= fr /" e-<">'("'+^")da„d6„ 



n=-Af 



n=-Af ^ ' n=l ^ ' 



The measure fi^ defines a measure on via the map 

N 
n=-N 

which will still be denoted by /x^v- Then /i^r may be seen as the distribution 
of the En valued random variable 

(1.6) E ^e- = v'^(a;,x), 

^-^ (n) 

\n\<N ^ ' 

where {gn)n=-N ^'"^ Gaussians as in 

Let c < ^. Then {^pn) is a Cauchy sequence in iF'iyi; i7'^(T)) which defines 



9n(w)_ 

■-1 

as the limit of (v^iv). Indeed, the map 



(1.7) (/p(w, x) = 2^ — — e , 



E 



defines a (Gaussian) measure on H"{T) which will be denoted by /i. 
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For u G L^(T), we will write uj\[ = Ilj\fU. Now define 

/Ar(n) = Im / n2,(x) 5^(n^(x))dx. 
Jt 

Let K > 0, and let x : M — > IK, < x ^ 1 be a continuous function with 
support supp X C [—K, k] and so that x = ^ on [—^, We define the density 

(1.8) Gn{u) = x(l|nJv||L2(T))et^^(")-^^-l"^(")l'^^ 
and the measure pn on H'^{T) by 

(1.9) dpNiu) = GN{u)dp{u). 

1.2. Statement of the main result. — 

Our main result which defines a formally invariant measure for (jl.ip reads 

Theorem 1.1. — The sequence Gn{u) defined in (jl.Sp converges in mea- 
sure, as N ^ oo, with respect to the measure p. Denote by G{u) the limit of 
(jl.Sp as N ^ oo, and we define dp{u) = G{u)dp.{u). 

Moreover, for every p S [1, oo[, there exists Kp > so that for all < k < Kp, 
G{u) G LP{dp,{u)) and the sequence Gjy converges to G in LP(diJ,{u)), as N 
tends to infinity. 



Remark 1.2. — In particular, for any Borel set A C H"{T), lim^v-s^oo Pn{A) = 
p{A). 

It is not clear to us how to prove the convergence property, if we define 
Pn as follows : For any Borel set A C H"{T), pn{A) = pn{A H E^) where 
dpN = GN{u)dpN{u). In particular, the convergence stated in |1H Theorem 
1] is not proven there. However, if we define in the context of p^ as we 
did here, the convergence property holds true. In addition the measure pN 
defined here (see also [4j) is more natural, since it is invariant by the truncated 
flow ^N{t) of equation (jA.16p . 

One can show that by varying the cut-off the support of p describes the 
support of p (see Lemma HiS] below) . 

The main ideas of this paper come from the work of the second author [llj 
where a similar construction is made for the Benjamin-Ono equation using 
the pioneering work of Bourgain [3j. In one of the main difficulties is 
that on the support of the measure p, the norm is a.s. infinite, which is 
not the case in our setting, since for any a < ^, fi'^) ^ H'^(T), for almost all 

w G il. Here the difficulty is to treat the term / dx{u^)dx in the conserved 

JT 
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quantity H. Roughly speaking, it should be controlled by the norm, but 
this is not enough, since ||ii|| i = oo on the support of du. However, we 

will see in Section [21 that we can handle this term thanks to an adapted 
decomposition and thanks to the integrability properties of the Gaussians. 
This is the main new idea in this paper. 

The result of Theorem 11.11 may be the first step to obtain almost sure 
global well-posedness for (jl.ip . with initial conditions of the form ()1.7p . To 
reach such a result, we will also need a suitable local existence theory on 
the statistical set, and prove the invariance of the measure dp under this 
flow. For instance, this program was fruitful for Bourgain [2|, [3] and Zhidkov 
[H] for NLS on the torus, Tzvetkov [IS [TS] for NLS on the disc, Burq- 
Tzvetkov [5] for the wave equation. Oh [8|i [9] for Schrodinger-Benjamin-Ono 
and KdV systems, and Burq-Thomann-Tzvetkov [4] for the one-dimensional 
Schrodinger equation. For the DNLS equation, we plan to pursue this issue 
in a subsequent work. 

1.3. Notations and structure of the paper. — 

Notations. — In this paper c, C denote constants the value of which may 
change from line to line. These constants will always he universal, or uniformly 
hounded with respect to the other parameters. 

We denote by Z (resp. M) the set of the integers (resp. non negative integers), 
and W = N\{0}. 

For X G M, we write {x) = ^/x'^ + 1. For u G L^(T), we usually write U]\i = 
IIjvu, where Hn is the projector defined in ()1.2p . 
The notation L'^ stands for L'?(T) and H' = H'{T). 

The paper is organised as follows. In Section[2]we give some large deviation 
bounds and some results on the Wiener chaos at any order. In Section [3] we 
study the term of the Hamiltonian containing the derivative, and Section U] is 
devoted to the proof of Theorem 11.11 

In the appendix, we give the Hamiltonian formulation of the transformed form 
of (fTTD. 



2. Preliminaries : some stochastic estimates 
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2.1. Large deviation estimates. 



Lemma 2.1. — Let (7n('^))„g2 ^ ^/^(0, 1) be a sequence of independent, 
normalised real Gaussians. Let {cn)nez, {dn)n& be two bounded sequences of 
real numbers. Then there exist c,C > so that for all 1 < N < X 



E 



\ni\,\n2\<N 



Cnidn2 / \ / N 



> A < Ce 



-cA 



Proof. — We estimate 



"2 



{ni) 



|ni|,|n2|<A^ 

For all t > and all r.v. X we have, by the Tchebychev inequality 
(2.1) p(^a; G : X > a) < e"^*E[e*^ 

Thus we obtain that for all e > 



A 



X,N 



(2.2) 



< e"*^E 



e"*^E 



|ni|,|n2|<Af 



g2 (^qjT '"1^2e'' ""2 '"2 

\ni\,\n2\<N 



n « 

|ni|<Ar 



£ "1,-72 

2 (n;^)2 '"1 



1^ e^e" ""2 '"2 
|n2|<Af 



Now, the Cauchy-Schwarz inequality and the independence of the 7„ give 



\ni\<N 



^[ n 

\n2\<N 



(2.3) 



-tx 



. |rai|<Af |n2|<Af 



Thanks to a change of variables we can compute explicitly the expectations in 
the right hand side of ()2.3p . In fact for /i < ^ 



E 



1 - 2/i 
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For < a; < i, we have the inequahty (1 — x) ^ < e^^, hence we deduce that 
for /i < i 

(2.4) E[e^^" 1 < e^/^. 

RecaU that (c„), (dn) are bounded. We now fix e > so that for all \n\ < N, 
c2 1 

g , " < — . Then the bound (12.41) implies 
2 



(2.5) 



2 

"1 ,.2 



|ni|<Ar 



2- E 



< C. 



< exp 

|ni|<iV 

With the previous choice of e > and t > small enough we also have 



n 4"" 



/£ 

^nn inn I ^ 



|n2|<Af 



< exp (2*2 dlje) < e 

\n2\<N 



(2.6) 



Finally, from ([23]), ([221) and ([23]) we infer 

^A,iv < C7e-*^+^*'^ < Ce-^^ , 
for some c > 0, if t > is chosen small enough and N < X. 
Similarly for A > 0, 



Ct'^N 



\ni\,\n2\<N 

and this yields the result. 



7ni(w)7n2M < -a) < Ce-^^ 



□ 



Lemma 2.2. — Fix cr < ^ and p € [2, 00). T/ien 
3C > 0,3c> 0, VA > 1, ViV > 1, 

> A ) < Ce" 
Moreover there exists (3 > such that 

3C > 0,3c> 0, VA > 1, VM > iV > 1, 

n{ueH^ : lln^n - n^nllip(Tr) > A ) < Ce'^^^^^ . 

Proof. — This result is consequence of the hypercontractivity of the Gaussian 
random variables : There exists C > such that for all r > 2 and (c„) G P{N) 

1 

II ^5r„(a;)c„||ir(n) < CV^(^|c„p^^ 

n>0 n>0 

See e.g. [5 Lemma 3.3] for the details of the proof. □ 
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2.2. Wiener chaos estimates. — 



The aim of this subsection is to obtain LP{0,) bounds on Gaussian series. 
These are obtained thanks to the smoothing effects of the Ornstein-Uhlenbeck 
semi-group. The fohowing considerations are inspired from See also 

[Hi llOj for more details on this topic. 

For d > 1, denote by L the operator 

^ — ^ 2; . V = 7^ ( X ■ ) 

] = 1 3 -I 

This operator is self adjoint on /C = L^(]R'^, e~l^l^/^dx) with domain 

V = \u : u(x) = el^l'/S(x), veU^^, 

where ^2 = |^ ^ L^{W^)^ G L^{M.'^), V(a,/3) G N^'^ , \a\ + \f}\ < 2}. 

Denote by k = /ci + • • • + fc^ and by (Pn)n>o the Hermite polynomials defined 
by 

9 d" 7 

P„(x) = (-ire^— (e- ). 

Then a Hilbertian basis of eigenfunctions of L on /C is given by 

Pk(xi, ...,Xd) = Pkiixi) . . . Pkaixd), 

with eigenvalue — k = — (/ci + • • • + kd). 
Finally define the measure 7^ on by 

d7d(x) = (27r)-'^/2g-|x|V2^^_ 



The next result is a direct consequence of [111 Proposition 3.1]. See [I] for the 
proof. 

Lemma 2.3. — Let d > 1 and k £ N. Assume that is an eigenfunction 
of L with eigenvalue —k. Then for all p>2 

\\Pk\\LP{R'i,d'ra) ^ iP~ 

Thanks to Lemma [231 we will prove the following L^ smoothing effect for 
some stochastic series. 
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Proposition 2.4 (Wiener chaos). — 

Let d > 1 and c{ni, . . . ,nk) G C. Let {gn)i<n<d £ A/'c(0, 1) be complex L^- 
normalised independent Gaussians. 

For k > I denote by A{k, d) = {(ni, . . . , n^) G {1, . . . , d}^, «!<•••< n^} 
and 

(2.7) Skiuj) = ^ c(ni, . . . ,nfc)5„i(w) • • •5„j^(w). 

A{k,d) 

Then for all d > 1 and p > 2 



\Lp{n)<Vk + lip-l)-2\\Sk\\L^n)- 

Proof. — Let Qn G A/'c(0,l). Then we can write gn — ^73^^" ~^ ^T»i) with 
7n,7n G ^/^(0, 1) mutually independent Gaussians. Hence, up to a change of 
indexes (and with d replaced with 2d) we can assume that the random variables 
in (|2.7p are real valued. Thus in the following we assume that gn G A/'ir(0, 1) 
and are independent. 
Denote by 

Sfc(xi, . . . ,Xd) = ^ c(ni,... ,nfc)x„^ 
A{k,d) 

Then obviously for all p > 1, 

(2-8) II'S'a:||lp(Q) = l|5^fc||LP(R<i,d7<i)- 

Let (ni, . . . , rifc) G A{k, d). Then we can write 



where I < k, pi + ■ ■ ■ + pi = k and ni = mi < ■ ■ ■ < mi < n^. Now, each 



monomial Xm, can be expanded on the Hermite polynomials (Pn)n; 



Therefore there exists f3{ki, . . . , /c/) G C so that 



■^"fc=X] X] /3(fcl,---,^/)^fci(a;mi)---^fc,(2;mJ, 



J=0 fclH |-fc;=j 

0<A:i<Pi 

and we have 

k 

(2.9) Sfc(xi, . . . ,Xrf) = ^Pj(xi, . . . ,Xrf) 

i=o 
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where the polynomial Pj is given by 

Pj{xi, ...,Xd) 

= X] X] c{ni,...,nk)/3{ki,...,ki)Pk-,{xm-,)---Pki{xmi)- 

A{k,d) ki+-+ki=j 
0<ki<pi 

For < ki < Pi so that ki + ■ ■ ■ + ki = j, the polynomial Pj is an eigenfunction 
of L with eigenvalue —j, hence by Lemma 12.31 we have that for all p > 2 

\\^j\\LP(R'i,dja) ^ (P~ 1)^ ll-PjllL2(IR'',d7d)- 

Therefore, by (|2.9|) and by the Cauchy-Schwarz inequality, 



j=0 



1 

|2 \ 2 



j=0 

< Vk+l{p- 1)2 ||Sfc||i2(Rd^d7d)> 

where in the last line we used that the polynomials Pj are orthogonal. This 
concludes the proof by (j2.8p □ 



We will need the following lemma which is proved in |1H Lemma 4.5] 

Lemma 2.5. — Let F : H°'{T) — > M be a measurable function. Assume 
that there exist a > 0, N > 0, k > 1, and C > so that for every p > 2 

\\F\\LPid^)<CN-''p-2. 

Then there exist 6 > 0,Ci independent of N and a such that 



As a consequence, for all A > 0, 



n{u£ H^iT) : \F{u)\ > A) < Cie 



2oL 2 
-SN k \k 
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3. Study of the sequence (/iv(i*)) jv>i 

Recall that is defined by Mu) = Im / a.(u^(.))d.. 

Jt 

The main result of this section is the following 

Proposition 3.1. — The sequence (/Af);v>]^ is a Cauchy sequence in 

L"^ (^H^ (T) , B , dfij . Indeed for all < e < ^ there exists C > so that 
for allM > N >l 

(3.1) J^- 

Moreover, for all p >2 and M > N > 1 

(3.2) ll/M(-)-/-(-)ll..(H.m,..,,)<^^^^- 

Then a combination of the estimate ()3.2p and Lemma 12.51 yields the following 
large deviation estimate 

Corollary 3.2. — For every a < |, there exist C,6 > such that for all 
M > N> 1 and X>0 



(nGF'^(T) : |/M(n) - /^(7x)| > A ) < Ce-^(^'^^)^ 



Thanks to Proposition 13.11 we are able to define the limit in L^(0) of the 
sequence (/iv)^>ii which will be denoted by 



(3.3) /(n)=Im u'^{x) d^{u\x))dx. 



T 



This gives a sense to the r.h.s. of (|3.3p for u in the support of fi. 

Notice that Corollarv 13.21 implies in particular the convergence in measure 



(3.4) Ve>0, lim filuG-H-" : fN{u)-f{u) >e) = 0. 

N—^oo \ ' ' 

For the proof of Proposition 13. H we have to put / <f%{oj) dx{ip%{uj))dx in 

JT 



a suitable form. 
Recall the notation (11.611. then 



(3.5) ^%{u;)= y %M|!!4^^e^(ni+n2)x. 

\ni\,\n2\<N ^ 
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Therefore we deduce that 
(3.6) a.(^^M)= 

\mi\,\m2\<N 

Now, by (I33D, dSS]) and the fact that (e^'^'^Onez 

is an orthonormal fam- 
ily in L^(T) (endowed with the scalar product {f,g) = / f{x)g{x)dx = 

Jt 

— / f{x)g{x)dx), we obtain 



(3.7) / (^^((j) 9^(v9^(^))dx = i(ni + 722) 



gmi (w) S-ma {^) 5ni (w) ffna (w) 



(mi) (m2) (ni) (722) 
where 

An = {{mi,m2,ni,n2) £ I''^ s.t. |mi|, |m2|, |ni|, |n2| < -/V and mi+m2 = ni+n2}. 

We now split the sum (|3.7p in two parts, by distinguishing the cases mi = ni 
and mi 7^ ni in An and write 



(^|r(w) (9a;('/'Ar(w))dx = Sj^ + 8%, 



with 



/oox Ql \^,Y„ ^ gmi(a^) gm2(^) gni(^) ffna (^) 

= f ^("^ + (mi) (m2) (ni) (7.2) ^ 

where Bjy = An n{ mi = rii or mi = ^2 }, and 



(3.9) Sl= ^(nl + n2)-^-^^'")^-^^"^^"^^")^-^"^^ 



(mi) (m2) (ni) (712) 

Ajvimi^ni 
mi ^712 

3.1. Study of Sj^. — 

Lemma 3.3. — Let Sj^ be defined by ()3.8p . Then there exists C > so that 
for all M > N >0, 

C 



< 



Proof. — Let (mi, m2, ni, 77-2) G Bn- Then as mi + m2 = ni + 712, we have 
(mi,m2) = (711,772) or (mi,m2) = (712,771), and deduce that 

Sn= 2^ ^^'^i + ^2) v2/„,\2 = Xn + Yn, 

\nil\n2\<N \ 1/ \ i/ 
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where 

\n\<N ^ ' 

and 



\nil\n2\<N, \ 1/ \ Z/ 



4(t First we will show that there exists C > so that for all M > > 0, 

C_ 

iV2- 



(3.10) \\XM-XN\\L^^^^)<■^. 



Let M > > 1. Then 

IV V |2 ifi \9nA^T\9n2{^T 

\Xm-X^\ = ^ 16n,n, . 

N<\ni\,\n2\<M \ U \ ^1 

Thus 

N<\ni\,\n2\<M \ \ ^' 

which proves (|3.10p . 

^ To complete the proof of Lemma 13.31 it remains to check that there exists 
C > so that for all M > N > 0, 

(3.11) \\YM-YN\\mn)<-^- 

N2 

For M > iV > 1 we write 

l5rM(w)Pl5n2(w)|2 



Yn = ^ i{ni+n2)- 



nij^n2 

= Yn + + Y^, 

with 

(K,(a;)p-1) (K,(a;)|2-1) 



(3.12) Y^= Yl iini+n2) (nA^ln.V 

|ni|,|n2|<A^, \ 1/ \ 2/ 

ni^n2 

v2 Y ^ ^ (|g„,(c.)p-l) + (|g.,(t.)p-l) 

(3.13) Y^= Y i{ni+n2) U^AVTvi 

|ni|,l"2|<A^, \ 1/ \ 
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and 

1 



n2 



\nx\,\n2\<N, \ U \ 2/ 

By the symmetry (ni,n2) i— ?• (— — ?t-2)) we have that = 0. For n G Z, 
denote by 

Gn{uj) = |5n(a;)|'-l. 

Let n ^ m. Then, since Qn and are independent and since E[|(/„(a;)p] = 1, 
we have 

(3.14) ^[Gn{uj) G^iuj)] = E[G„(w)]E[G„(^^)] = 0. 

• First we analyse (|3.12|) . We compute 

1-1^1 ta1|2 / I \/ , N G^mi (w) Gma (f^) (w) G„2 (w) 



(mi)2(m2)2(ni)2(n2)^ 



where 



CAf,Ar = {(mi, m2, ni, 712) G Z'^ s.t. < |mi|, |m2|, |n2| < M 

and mi 7^ m2, ni 7^ ^2}. 

We compute E[|y^^ - ^jvP] ' ^nd thanks to (f3l^ we see that only the terms 
(ni = mi and n2 = m2) or (ni = m2 and n2 = mi) give some contribution, 
hence 

WM-yNWmn) < C 2^ (ni)4(n2)4 

N<\rn\,\n2\<M \ \ ^/ 

• We now turn to p.lSp . Similarly, we get 

lv2 ^.2,2 \^ I , \( , , (Gmi (^) + Gma (o^)) (Gm (^) + Gna (^)) 

KAf-^Af = ni+n2 mi+m2) ^ r:^, r:^, r:^, r2 , 

{mi)^{m2)'^{ni)'^{n2)'^ 

and using the symmetries in (ni, 712, mi, m2), and with ()3.14p we obtain 
(^..^ \\y2 ^2||2 <rl V (^i+^2)(ni+m2) 

mi=ni 
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We write 



Af<|n2|<A/, 



Then, by symmetry 



(ni + n2)(ni + 771,2) 
(m2)^(ni)'^(n2)^ 



E 



(ni + 712) (rai + 7712) \ 2^1(771+7772) 



N<\n2\<M 



(7772)^(771)^(772)2 / (7712)^(771) 



\6 • 



A'<|n2|<M 



772(771 + 7772) 
(7772)2(771)4(772)^ 



thus 



E 



N<\n2\<M, 

(3.17) 

with sm,n = 



(771 + 772) (771 + 7772) 

(7n,2)2(77i)4(772)2 



sm,n- 



771(771+7772) 2771(771+7772) 



(7n,2)2(77i)4 (m2)2(77i)6 



rai 
(ni)' 



2 . 771 + 7772 



(77i)2^ (7772)2 



E 



1 C7 

< 



Af<|n2|<A^ 



(772)2 - N' 



Similarly, using that 



(3.18) 



Af<|m2|<A/ 



7772 
(7772)^ 



0, we obtain 



E 



N<\m2\<M, 



771 + 
(7772)2 



E 



77l + 7772 \ 2771 



Af<|m2|<Af 



(7772)2 / (771)^ 



ni SM,N 



2771 



2 ■ 



Then, from (j3.17p and (j3.18p . we deduce 

(771 + 772)(ni + 7772) 



E E 

Af<|m2|<Af, N<\n2\<M, 
m2^n\ n2^ni 



(7772)2(77i)4(r72)2 



< C{ 



1 1 X 

iV2(ni)2 + (ni)6^ 



I v2 T^2 ||2 ^ 



C7 



and from (|3.16|) . 

(3-19) ll-^Af - -^AfllLaCn) ^ ]Y3- 

Finally, (f3l3]) and ([339]) yield the estimate (f3lT]) . 



□ 
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3.2. Study of S%. — 

We first state the elementary lemma 

Lemma 3.4- — Let n G Z and N > 1. Then for all < e < ^ 

Y I < ^ 

\ni\,\n-ni\>N 

Proof. — Let > 1. For a > 1 we have the inequalities 

{nr <C{{mr + {n-nir), 

and 

{nif{n-nif>CN'^-'^''{ni)"{n-ni)" for \ni\,\n - ni\ > N. 
Now choose a = | + e<2to get 

(n)i+^ C , I 1 . 

We sum up (K20\i . thus 

V 1 ^ 

|ni|,|n-ni|>Ar 

|ni|,|n-7ii|>iV 

which was the claim. □ 
We are now able to prove 

Lemma 3.5. — Let Sf^ be defined by (j3.9p . For all < e < ^, there exists 
C > so that for all M > N > 0, 

\\Sm - Sl[\\L2{n) < — 3— • 

Proof. — We compute 

I 02 02 1 2 / , \ / , \ 5ml 9m2 9ni 9n2 9pi 9p2 9qi 9q2 

Vz, (m,)(m.)(n,)(n.)(p,)W 
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where 

-DAf,Af = {("ii,m2,ni,n2) G s.t. < |mi|, |m2|, |ni|, |n2| < M 

and nil + = f^i + n2, mi 7^ 7^ 722}. 

The expectation of each term of the previous sum vanishes, unless ((mi, m2) 
(51,^2) or {q2,qi)) and ((ni,n2) = (pi,P2) or (p2,Pi))- Hence 

.2 c2 ii2 ^ Sr^ (ni +n2)(mi + m2) 



• n ("-i)^ ("-a)^ (m2) 
Write re = ni + 712 = mi + m2, therefore 

2 

-2 e2 ||2 ^ 



(rei)2(n-rei)2(reii)2(n-mi)^ 

ng/, |ni|,|n— ni|>W, 
|mi|,|n— mi|>A'' 



C ^ C 



jV3-2£ /n\3+2e - ]S[^-2e ' 

by Lemma |3.4[ □ 
The results of Lemmas 13.31 and 13.51 imply ()3.ip . 

To complete the proof of Proposition EIH it remains to show (|3.2|) . But this 
is a direct consequence of (|3.ip and Proposition 12.41 

We are now able to define the density G : H°'{T) — > M (with respect to the 
measure of the measure p. By (j3.4p and Proposition 13.11 and Lemma 12.21 
we have the following convergences in the measure : /iv(u) converges to 
f{u) and ||'UAr||L6('ir) to ||tt||L6(']i'). Then, by composition and multiplication of 
continuous functions, we obtain 
(3.21) 

x(||n;v||L2(T))et^^(")-^^Tl«iv(x)rdx _^ ^^||^||^^^^^^^3^(„)_l JJ„(.)|6d. ^ ^^^^^ 

in measure, with respect to the measure fi. As a consequence, G is measurable 
from {H''{T),B) to R. 



4. Integrability of the density of dp 
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We now state a result which will be useful for the estimates in Theorem 

Proposition 4-1- — There exist kq > and c, C > so that for allO < k < 
Ko, X>2 and 1 < N < X 

fi{uG H'^iJ) : \\d4u%)\\L^^j) > A, WunWl^j) < f^) < Ce-'^. 



Proof. — We can follow the mains lines of the proof of [ llf Proposition 4.1]. 

A5 



27rj 

For J G {0, • • • , [A^]}, we define the points Xj G T by Xj = — 



Denote by dist the distance on T. Then by construction, dist(xj, Xj+i) < 
with X[;^5]+l = xq. We define the set K\ by 

Kx = \^ue H''{i:) : \\doc{u%)\\Loo(j'j > \, \\un\\l^j) < , 
and the sets Kxj by 

Kx,j = £ H^iJ) : \da:{u%){xj)\ > ^, \\un\\l^j) < '^^ ■ 
• As in [11] we will show that 

(4.1) C U Kx,j . 

j=0 

Let u € Kx, and denote by vj^ = dxluj^). Let x* € T be such that 

bAf(a;*)| = max\v]\f{x)\. 

Thus |fAr(x*)| > A. Then there exists jo G {0, • • • , [A^]} such that 

27r 

(4.2) \x*-x,,\<^. 
Then thanks to the Taylor formula, we have 

/•X* 

\vn{x*) - VN{xjo)\ = / dxVN{t)dt 



2n 

A5' 



(4.3) < \x* - Xjg\2\\^xVN\\L^(T)■ 
lS^OW by the Sobolev embeddings we obtain the bound (with < A) 

\\dx'VN\\L^{i:) < CN\\vn\\l^(T) < CN\\uN\\L2{J)\\dxUN\\L°^{T) 

(4.4) < Cm\\uN\\l2(^j)<CX^K'^. 
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Therefore, from ()4.2p . (j4.3p and (j4.4p we deduce that for k > small enough 

\vn{x*) - UN{Xjo)\ < Ck^ < ^A, 
Thus, by the triangle inequality 

\vN{xjo)\ > \vn{x*)\ - \vn{x*) - VN{Xjo)\ > A - = , 

we can conclude that u £ Kxjq, which proves (|4.ip . 
• We now estimate ii{Kxj). 

As in we can forget the constraint and write 

K^xj) < p(w G n : \da;{(p%)ixj)\ >^)- 
First observe that 

{u £Q : |Re dx{^p%){xj)\ >^}u{wGO : |lm dx{ip%){xj)\ > ^ }• 
Indeed we can describe the previous sets by the following way. Write 

and use that 5r„(a;) = ^(/i„(a;) + i/„(w)) where {hn)^^^, (^")nez ^ -MrIO, 1) 
are independent. Then a straightforward computation enables us to put 
Re dx{(p%){xj) and Im dx{^%){xj) in the form 

-r^7ni (a;)7„2(a;), 

|ni|,|n2|<7V ^ ^' 

with |cn|, < C and where (7n)„g2 G -^/^(0, 1) is an independent family 
of real Gaussians (indeed 7^1 = /in or 7„ = Therefore we can apply the 
Lemma |2. II to get 

(4.5) A^(i^A,i) < Ce-^^ 

Finally by ([iT]l and we deduce that 

j=0 

which was the claim. □ 
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Proposition 4 ■2. — For all 1 < p < oo, there exists Kp > so that for all 
< K < Kp there exists C > such that for every N > 1. 



X[\\UN\\L2{j))e^ 



VivH-i/Tl^ivWI^'ir 



<C. 

LP{dn{u)) 



Proof. — Here we can follow the proof of |1H Proposition 4.9]. To prove the 
proposition, it is sufficient to show that the integral 

;>oo 

(4.6) / A^'-V(^A,Jv)^iA, 

JO 

is convergent uniformly with respect to for k > small enough and where 

We set Nq = In A. 
• Assume that Nq > N. 

On the support of x, II^Af IlLacj-) < k, thus we have 



|/Ar(n)| = |Im J Un{x) dxiuNix) )dx\ < C||liAr||^2(Tr) ||5x.(mjv)IIl°°(T) 

< CK^\\dx{u%)\\Loo(jy 

Then by Proposition 14.11 (which can be applied, since < A'^o = In A < ^ In A 
for K > small enough), we obtain 

/ 4 
M(A,Af) < ^J-[u e H'' : \fN{u)\ > -In X, \\un\\l^(t) < k 

= (T) > — m A, \\Un\\l2(J) 



< Ce"^'"^ = C7A~^, 



where C2 is independent of k. Hence the integral (|4.6p is convergent if k 
Kp > is small enough. 

• Assume now N > A'^o- 

Thanks to the triangle inequality ^a.a^ C Bx^n U Ca^at, where 



and 



C\,N = |n G i^'' : \fN{u) - fNo{u)\ > ^InA, ||'UAr||i2(Tr) < k|. 



The measure of Bx^n can be estimated exactly as we did in the analysis of the 
case A'^o ^ Finally, by Corollarv 13.21 as Nq = In A, we obtain that for all 
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1 < a < I 

for all L > 1. This completes the proof of the proposition. □ 

Proof of Theorem \l.l[ — Recall ()3.2ip . Let p G [l,+oo) and choose Kp > 
so that Proposition 14. 21 holds. Then there exists a subsequence GNf,{u) so that 
Gn^{u) — 7- G{u), fj, a.s. Then by Fatou's lemma, 

/ \G{u)\Pdfi{u) < liminf / |G^, (n)|fd/i(7x) < C, 
thus G{u) G LP{d^l{u)). 

Now it remains to check the convergence in L^(d)u(n)) for 1 < p < oo. As in 
for > and e > 0, we introduce the set 

AN,e = {n G H%T) : \Gn{u) - G{u)\ < e}, 

and denote by ^Ar,£ its complement. 

Firstly, there exists C > so that for all > 0, e > 

/ \Gn{u) - G{u)\^d^l{u) < CeP. 

Secondly, by Cauchy-Schwarz, Proposition 14.21 and as G{u) G L'^^ {dfi{u)) , we 
obtain 

/_|G^(n)-G(n)|^dMu) < \\Gn - G\\l,,^^^^fi{A^e)'- 
By we deduce that for all e > 0, 

which yields the result. This ends the proof of Theorem ll.il □ 
Lemma 4- 3. — The measure p is not trivial 
Proof. — First observe that for all /t > 

Ii{uGH%T) : \\u\\l2(j)<k) =p(u;GJ7 : ^ < ) > 0. 

nez 

Then, by Lemma [2.21 and Proposition 13.11 the quantities ||tt||L6(T) and f{u) 
are jj, almost surely finite. Hence, the density of p does not vanish on a set of 
positive p measure. In other words, p is not trivial. □ 
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A 

Appendix 

A.l. Hamiltonian structure of the transformed form of (jl.ip . — In 

this section we give the Hamiltonian structure of the equation related to (jl.ip . 
First we define the projection 11 on the 0-mean functions : 

n(/)= f{x) = Y.ane'^^, 

neZ\{0} neZ 

then we introduce the integral operator 
Notice that we have 



171, 



=n/ = /- / f{x)6.x. 



Next we define the operator 

—ud^^u- —i + ud'^v- 



(A.l) K{u,v) 



i + vd ^u- —vd ^v- 



Lemma A.l. — For u,v, the operator K{u,v) is skew symmetric : 
K{u,v)* = -K{u,v). 

Proof. — This is a straightforward computation. We only have to use that 

(a-i)* = -d'K □ 



Define 



H{u,v) = [ d^ud^v + 7« / v^d^iv?) + \ j 
Jt ^ jt ^ Jt 

Notice that we also have the expressions 

H{u,v) = - f dluv + \i f v'^d.^{u^) + ]- j v?v^ 
Jt ^ Jt 2 Jj 



It ^ Jt ^ Jt 

therefore, we can deduce the variational derivatives 

6H 3 3 

(A.2) -^{u,v) = -dlv--iud^iv^) + -u\^ 

ou 2 2 

(A.3) ^{u,v) = -dlu + ^ivd^{u^) + ^u^v'^. 

dv 2 2 
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We consider the Hamiltonian system 
Denote by 

F„(t) = 2Im / ud.Jl+ \ [ |u|^ 
and notice that for ah t G M, G R. 

Proposition A. 2. — The system ()A.4p is a Hamiltonian formulation of the 
equation 

(A. 5) idtu + d'^u = idx{\u\'^u) + Fu{t)u, 

in the coordinates {u,v) = (n,u). 

As a consequence, if we set 

(A.6) vit,x) = e^i'o 

then V is the solution of the equation 

( idtv + dlv = idx{\v\'^v), {t,x) G M x T, 
I v{0,x) = uo{x). 

Moreover, if u and v are hnked by ()A.6p . we have = Fy. 
Proof — We have 

u d'^v = V d'^u + {u dxv)' — {v dxu)' , 

therefore 

(A. 8) d^^ [ud^v) = d~^[v d^u) + udxV — V dxU — / {udxV — vdxu). 

Jt 

Similarly we obtain the relation 

(A.9) d-\u^dx{v^))=-d-^{v^dx{u^))+u^v^ - [ u^v\ 

Jt 

By ()A.2p . (]A.3p . using (]A.8p and ()A.9p . a straightforward computation gives 



(A.7) 



w 6H. .6H 6H. 

Otu = —no [u^—)—i— Vuo [v ^—) 

ou ' ov ov 

= id'^u + dx{u^ v) — u I {u dxV — V dxu) — -iu i n^f^, 
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and 



OtV = I— Vvo [u^—j—vo [v^—] 

ou ou ov 



-id^v + dx{uv'^) — V / (vdxU — udxv) iu / n^u^ 



Now assume that v = u. This yields the result, as 



{udxU — udxu) = 2ilm / udxU. 

T JT 



□ 



A. 2. Invariance of the measure pjv under a truncated flow of (jA.Sp . 

— We present here a natural finite dimensional approximation of (jA.Sp for 
which pn is an invariant measure. 

Let A > 1. Recall that Ejsi is the the complex vector space = span^(e*"^)_Ar<„<Ar ) , 

and that IIjv is the spectral projector from L^(T) to E'at. 
Let K be given by (jA.ip . and consider the following system 



(A.IO) 



This an Hamiltonian system with Hamiltonian H(Ii]\fU,Ii]srv). Now we assume 
that V = u and we compute the equation satisfied by un ■ this will be a finite 
dimensional approximation of (|A.5p . Denote by 11]^ = 1 — Hat, then we have 



Lemma A. 3. — In the coordinates = un, the system (jA.lOp reads 
(A.ll) idtu + dluN = iIiN{dx{\uN?UN)^ +UNFu^{t) + Rn{un), 
where 

Rn{un) = ^nAf^UArS"^ nArn]^(liAr5x.(W^)) + ?^n]^(u^5^('UAr^)) 

The proof is a direct computation. By (|A.10p . the equation on un 



Proof. 
reads 

(A.12) 
where 



dtu = UN(^ - unO ^{un/n) - ifN + UNd ^{un/n)^- 
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Thanks to (IATS]) we deduce from f02l) that 



(A.13) dtU = idluN + -'^N\UNdx{u%)\ - -iIiN\\uN\'^UN)\ + 



Using (jA.9p we obtain, with Ilj^ = 1 — IItv 
(A. 14) d'^ UN^lNiuNdxiuN"^)) +W7'n^N{uNdx{uN'^)) 



UNllNiuNdxiuN'^)) + UN'i^N{uNdx{uN'^)) 



+ \un\ 



I |4 
MAT . 



We can also write 



(A.15) unIIn{\un\^un) - unUn{\un\'^un)) = 

-uWUj;f{\uN\'^UN) + UNli-NiluNl^W)) 

Thus, by (|A.14p and (jA.lSp . equation (|A.13p becomes 
dtu = id^UN + UN(^dx{\uN\'^UN)^ - iuNFuj^{t) + 



+ -UN[UNd ^ UN'nj;f[\uN\^UN)) - UNUjf[\uN\^UN) 



which is the claim. 



□ 



In the sequel we fix o" < i, and we consider ()A.17p as a Cauchy problem 
with initial condition in H'^{T) 
(A.16) 

idtu + dluN = iIiN{dx{\uN\^UN)^ +UNFu^{t) + Rn{un), it,x) G M X T, 
u{0,x) = uoix) £ H^iT). 
We now state the main result of this section. 
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Proposition A. 4- — The equation ()A.16P has a well-defined global flow 
Moreover, the measure pN is invariant under <I>jv For any Borel set A C 
iJ<^(T) and for all t £ R, pN{'^N{t){A)) = pn{A). 

For the proof of Proposition \AA\ we first need the following result 

Lemma A. 5. — The equation 
(A.17) 

idtu + dluN = iUN(ji)x{\uN\'^UNfj + UNFuj^{t) + Rn{un), it,x) gRxT, 

u{0,x) = Un{uo{x)) £ En- 

is an Hamiltonian ODE. Moreover, the mass \\u{t)\\i2(j^ is conserved under 
the flow of (|AT7l) . As a consequence, ()A.17p has a well-defined global flow 

Proof. — The first statement is clear by the previous construction. We now 
check that the L^— norm of u is conserved. Multiply (jA.lip with u, integrate 
over X gT and take the imaginary part. In the sequel we use that 11^ = Htv 
and = Htv- Firstly by integration by parts, 

(A.18) / udluN = / uWdluN = - {OxUnI"^ € M. 

Jt Jt Jt 

Then 

Im J iuUN(^dx{\uN\'^UN)^ = Re j unOxHunI'^un) 

= -Re / {dxUN)\uN\'^UN 
Jt 

(A.19) = -7 / d,{\uN\^)=0. 

Now observe that if / is real- valued, then d~^f is also real valued. Then it is 
easy to see that 

(A.20) / uRn{un)= / uWRNiuN) 

Jt Jt 

Finally by (TOSl) . ()XT9]l and (E^Oll we obtain that ^\\u{t) Wli^j^ = which 
yields the result. □ 

Recall the definitions (jl.4p of pN and p.Sp of Gn- Then we define the 
measure pN on En by 

dpN{u) = GN{u)dpN{u). 



GIBBS MEASURE FOR THE PERIODIC DNLS 



27 



Then we have 

Lemma A. 6. — The measure pN is invariant under the flow of (|A.17p . 

Proof. — The proof is a direct apphcation of the Liouville thereom. See e.g. 
[4l Section 8] for a similar argument. □ 

Proof of Proposition A. 4 — We decompose the space H^{T) = Ej^ © E^. 



From the previous analysis, we observe that the flow of ()A.16p is given 
by $7v = {idj^^Y Finally, the invariance of pN follows from Lemma IA.6I 
and invariance of the Gaussian measure under the trivial flow on the high 
frequency part. □ 
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